point more than ε.
Improving their result into a complete analogue of the Side Approximation Theorem is already known to be impossible [8] ; nevertheless, certain improvements can be established. Because the history surrounding the 3-dimensional case gives extensive evidence for the value of special approximations, this paper aims to present a thorough study of the limitations to and sufficient conditions for various improvements to the Locally Flat Approximation Theorem.
The most general result, Theorem 3.1, shows that any (n -1)-sphere Σ in S n (n ^ 5) can be almost approximated from either side U (where a side is a component of S n -Σ) in the sense that there are locally flat approximations h(Σ) that are mostly in U, meaning that the components of h(Σ) -U have small size. Whether this can be done so that the intersections k(Σ) Π Σ are covered by small (n -l)-cells (like the D t 9 s) on Σ depends only upon the type of the crumpled cube ClU (Theorem 4.1). Whether this can be done so that, instead, the intersections h(Σ) Π Σ are covered by small (n -1)-cells on h(Σ) (like the l?/s) is sporadic-the existence of such cells has implications concerning the type of the crumpled cube ClU, but in no way is it characteristic of a type ( § 5) . As the paper progresses, a more insistently recurring theme is the relationship between the types of crumpled n-cuhes Cl U (see § 2 for a discussion of the types) and the properties of special approximations to Σ = Bd{ClU) almost contained in U. Focusing explicitly on this matter, the final section ( § 6) deals with another kind of approximation, motivated by analogy with 3-dimensional work of Eaton [11] , more general in that the approximations may be wild but limited in that wildness by types, and less general in that they are confined entirely to the closure of a specified side.
Discussion of (n -l)-spheres in S n serves as a convenient abbreviation for a larger category. Each of the results here applies equally well to embeddings of (n -l)-manifolds in w-manifolds as closed, 2-sided subsets. !• Definitions and notation* The symbol p is employed ambiguously to signify a metric on a (variable) metric space. Accordingly, if / and g are maps of a space S into a metric space X, then p(f, g) signifies the least upper bound of {p(f(s), g(s))\seS}. For AaX (metric) and ε > 0, N ε (A) denotes the set of points of X whose distance from A is less than ε; in addition, a map (embedding) / of A in X is called an ε-map (ε-embeddίng) provided that p(f, inclusion) < ε. Such a set A is called an ε-set if its diameter is less than ε.
The symbol B n is reserved to denote the standard w-cell con-
sisting of all points in Euclidean w-space E n having norm <; 1. Let A denote a subset of a metric space X, and p denote a limit point of A. Then A is locally simply connected at p, written 1 -LC at p, if for each ε > 0 there exists δ > 0 such that each map of dB 2 into A Π N δ (p) can be extended to a map of B 2 into A Π N ε (p), and A is uniformly locally simply connected, written 1 -ULC, if a δ > 0 exists independent of the particular limit point p.
2. Types of crumpled cubes* A crumpled n-cube C is a space homeomorphic to the closure of a complementary domain of an (n -l)-sphere Σ topologically embedded in S n ; the set of points corresponding to Σ is called the boundary of C, written BdC, and the set C -BdC is called the interior of C, written Int C. An important simplification occurs whenever n Φ 4: each crumpled w-cube can be regarded as the closure of the complement of some w-cell topologically embedded in S n [10] . Frequently it has been useful to distinguish certain types of crumpled w-cubes C by setting forth properties that prescribe decreasing limitations to the complexity of the wildness at BdC, as follows: The fact that Type 3, at worst, covers the general situation is established for n ^ 5 in [6] and for n = 4 in [2] ; the existence of an example that fails to be of Type 2B remains unsettled.
The development of this nonparallel nomenclature is something of an historical accident, for which the author is primarily responsible. (Several colleagues have stressed the desirability for a more descriptive terminology, but none of the possibilities I have encountered pleases me enough to propose a change.) In particular, Type 2A is distinguished from Type 2B because a crumpled w-cube C (n ^> 5) is of Type 2A iff the space obtained by "sewing" C to itself via the identity homeomorphism on BdC (see [9] ) is topologically S n [9, Theorem 10.1] . It is proved in [9, Prop. 9.3] (n -l)-sphere in S n and let U denote a component of S n -Σ. We say that Σ can be almost approximated from U if for each ε > 0 there exists a locally flat ε-embedding of Σ in S n such that each component of h{Σ) -U has diameter less than e.
In this sense of approximating from the side, the Side Approximation Theorem generalizes to high dimension.
Proof. First we establish the theorem under the assumption that S n -U is an w-cell. Fix ε > 0. There exists a small (restrictions on the size will be given below) neighborhood W of Σ in N ε (Σ) , and there exists a compact PL ^-manifold Q such that Σ c IntQaQaW.
We name a triangulation T of Q in which the diameter of simplices is less than ε/3, and we let P signify its 2-skeleton By standard engulfing techniques, the neighborhood W can be chosen so that there exists an (ε/3)-homeomorphism h of S n to itself for which h\U -Q = l and h(U) contains the 1-skeleton of P, and so that there exists another (ε/3)-homeomorphism g of S n to itself for which g\S n -(Q U U) = 1 and g(S n -ClU) contains the (n -3)-skeleton of T dual to P. We thicken the open 2-simplexes of h~\P) to obtain an open set V, the components of which have diameter less than ε. We let U' denote V U U and note that h(U f )i)P. Stretching g(S n -ClU) across of join structure of T by an (ε/3)-homeomorphism / of S n that is fixed off Q so that
we define H as h~ιfg and observe that H is an ε-homeomorphism
is approximated arbitrarily closely by locally flat spheres in U', and any sufficiently close approximation indicates that Σ is almost approximated from U for this choice of ε.
The proof in the general case depends upon the capability of reembedding crumpled w-cubes as the closed complements of w-cells. In particular, there exists a splitting of Σ by an embedding ω of Σ x [0,1] in S n for which there exists a map π of S n to itself such that πω(s x [0, 1]) = s for each seΣ and π\S n -ω(Σ x [0,1]) is a homeomorphism onto S n -Σ (see [10, Corollary 6.7] ). Let [/* = π"\ U) and ε > 0. Considerations of uniform continuity give a δ > 0 such that, whenever XaS n and diam X < δ, diam π(X) < ε/3. According to the first step of the proof, there exists a locally flat δ-approximation e of BdU* (without loss of generality, BdU* can be identified with ω(Σ x 1) in S n ) such that e(BdU*) -£7* is covered by finitely many pairwise disjoint open δ-sets X lf •• ,X fc . By Siebenmann's Cellular Approximation Theorem [18] , there exists a homeomorphism / of S n to itself such that p(f, π) < min {ε/3, p(Σ 9 πeiβdTJ* -X x U ••• U -X*))}. Then a satisfactory approximation h to Σ can be defined as h = fe(π\BdU*y\ completing the proof.
The first half of the preceding argument, for the simplified situation in which Σ bounds an %-cell, can be adapted readily to cover the general situation in case n = 4, because all that must be engulfed from the "other" side is a 1-complex. THEOREM 4* Strong approximations* Let Σ denote an (n -l)-sphere in S n and let G denote one of the crumpled n-cubes bounded by Σ. We say that Σ can be strongly almost approximated from IntC if for each ε > 0 there exists a locally flat ε-embedding h of Σ in S n such that each component of h(Σ) -Int G has diameter less than ε and Σ (Ί h{Σ) is covered by the interiors of a finite collection of pairwise disjoint (n -l)-cells in Σ f each of diameter less than ε. The goal in this section is to establish and f\dF, moves points less than δ\ By hypothesis there exists a locally flat δ-embedding h of Σ in V such that h is δ'-homotopic in V to the inclusion and h{Σ) contains finitely many pairwise disjoint (n -l)-cells E lf , E mf each of diameter less than δ', whose interiors cover h(Σ) -Int C. We produce a map g of B 2 into VΌC such that p(g,f)<3δ ', g(F) The construction is based upon the inflation procedure of [9, 28 ROBERT J. DAVERMAN § 11] . For a simple example, embed an (n -2)-sphere in E nt o bound a crumpled (n -l)-cube C (not an (n -l)-cell) in E n~ι such that IntC contains a loop that cannot be contracted in C-if desired, C can be obtained so its boundary is locally flat mudulo a Cantor set X, for which X is tame in the boundary sphere. One can think of this sphere as containing a wild Cantor set, with the wildness of the sphere in the bounded component of its complement
It follows from Propositions 9.4 and 9.8 of [9] that Σ is an (n -1)-sphere and from Theorem 11.4 of [9] that the closure D of the bounded component of E n -Σ is a crumpled cube of Type 1. However, any contraction of the special loop (in Int C x {0}) with range in D projects vertically to a contraction in C x {0}, which must intersect X x {0}. If Σ could be carefully almost approximated from U, a contradiction to Lemma 5.2 would result. 6* Interior approximations• We say a crumpled n-cube C has Type E interior approximations if for each ε > 0 there exists an ε-embedding h of BdC in C such that the crumpled w-cube C* in C bounded by h(BdC) is of Type E (E = 1, 2A, 2B, 3). Trivially, a crumpled n-cube of arbitrary type has interior approximations of that type. Eaton has studied interior approximations of crumpled 3-cubes in the more restrictive setting requiring that most of the approximating spheres lie interior to the crumpled cube [11] . THEOREM 6.1. 1/ a crumpled n-cube C (n^5) has Type 2B interior approximations, then C is of Type 2B.
Proof. Let ε > 0. There exists δ > 0 such that, for any S-loop in IntC and any embedding h of BdC in C sufficiently close to the inclusion, the loop bounds a singular ε-disk D in the crumpled w-cube C* bounded by h(BdC). By hypothesis, a Type 2B crumpled w-cube C* can be so obtained. As a result the singular ε-disk D can be improved so that D Π BdC aD f] BdC* is 0-dimensional. Proof. The homotopy theoretic defining property of Type 2A is that for any two maps f of B 2 in C and any ε > 0 there exist
See [9, 5.2 and 10.1] . We fix maps f and / 2 of B 2 in C and δ > 0. As in the proof of Lemma 5.2, we find an embedding h of BdC into C so close to the inclusion that h(BdC) bounds a Type 2A crumpled n-cube C* and that f t can be approximated by a map /* of 2?
2 in C*, with ί>(/i> tf/ί) < ε/2 (i = 1, 2), where α denotes the inclusion of C* in C. Then, since C* is of Type 2A, the maps f t can be approximated by maps g t of B 2 in C* such p(ag if af' t ) < ε/2 (i = 1, 2) and
Now the pattern suggested by previous results in this section becomes blurred, for a crumpled w-cube having Type 1 interior approximations may not be of Type 1 itself, though by Theorem 6.2 it can be no worse than of Type 2A.
To construct examples, we require a slight revision of the technique used in [7] to construct the original crumpled ?ι-cubes of Type 2A. Proof. For rather elementary reasons, there exists a tame embedding e of X in BdB n and there exists a pseudo-isotopy f t of BdB n to itself such that f = identity, f t is a homeomorphism for 0 < t <; 1, and f o e = incl. x . This claim is true because any embedding of a Cantor set can be approximated by tame embeddings and because any two sufficiently close tame approximations are equivalent under a small ambient isotopy; the pseudo-isotopy f t is realized as the limit of an infinite string of such ambient isotopies. More formally, the claim follows in case n ^ 6 from Edwards' improvement [12] to the Stan'ko 1-ULC Approximation Theorem [19] and McMillan's characterization of tame Cantor sets [17] .
Regarding S*-origin as S*" 1 x (0, oo), with BdB* = S*" 1 x {1}, we define an upper semicontinuous decomposition G of E n into points and the family {A x \ x e X) of arcs where
he decomposition G is shrinkable in a special way: one can verify that the nondegenerate elements {A x } can be shrunk to small size from the S"' 1 x {2} end into the regions between S*' 1 x {1} and gn-i χ | r j^ where r can be arbitrarily close to 1, by a homeomorphism of E* that keeps points close to the "fibers" {A x } of the decomposition G. The net result is that there is a map π of E n to itself, realizing the decomposition in the sense that G = {π~\p) | p e E n ), and π\B n is the inclusion. There is an embedding F of S^" 1 x {1} in E n given by F((z, 1» = ττ«2, 2». It is relatively easy to show that F(BdB n ) bounds an w-cell; for a homotopy theoretic argument, one can show that any loop in S"" 1 x (0, 2) -π~\X) sufficiently close to an arc A x can be shrunk in S n~x x (0, 2) near A x9 that moreover it can be shrunk in S n~"L x(0 9 2) near A x but missing Jxl, and then because any compact subset of S^xQL, 2] -π~\X) corresponds so nicely to (S n~1 -e(X))x [r, 2] , which is 1-ULC, that it can be shrunk in S"' 1 x (0, 2) near A x but missing π~\X). Consequently, the bounded component of E n -F(BdB n ) is 1-ULC and, hence, its closure is an w-cell [1] . (Since F(BdB n ) is collared from the other side, this follows from the elementary flattening of w-cells due to Cernavskii [5] .) Alternatively, F(BdB n ) is locally flat modulo the Cantor set X = Fe(X), which is tamely embedded both in F(BdB n ) and in E n , which implies that F{BdB n ) bounds an w-cell [14] . As a result, F extends to the desired embedding Θ of B n in E % . Note that for each number t satisfying 0 < t <; 1 there is a natural embedding a t of BdB n in θ(B n ) -Int B % given by a t ((z, 1» = π((z, 1 + £». The required ε-embeddings then can be realized by choosing small values of t. Since aj\X) = f t (e(X)), it is tamely embedded in BdB n . Applications of Lemma 6.3 arise if, given X in BdB n and an embedding / of X in S n , one wants to extend / to an embedding F of B n . Indeed, there is an extension of / to an embedding of EXAMPLE 6.4. A crumpled w-cube C having Type 1 interior approximations that is not of Type 1 itself.
The construction essentially coincides with that of [7] . The first step is the simultaneous construction of wild Cantor sets X in BdB n and Z in S n having compatible defining sequences [7, Lemma 4.1] such that every contraction of a certain loop in BdB n -X contains an admissible subset of X and every contraction of another loop of S n -Z contains an admissible subset of Z. Then by [7, As a result, g(BdC) is locally flat modulo a Cantor set FoΓ\X) tamely embedded in BdC, and obviously then g(BdC) bounds Type 1 crumpled w-cubes.
It should be obvious from the preceding sentence and the Locally Flat Approximation Theorem that BdC can be carefully almost approximated from IntC, indicating that Theorem 5.1 is a best possible result.
